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Abstract
Circular massless cosmic strings which move with the speed of light in the de
Sitter universe are described. Construction of the background geometry is based
on parabolic isometries of the de Sitter spacetime. Microscopic circular cosmic
strings may appear at the Planck epoch and then grow up to the Hubble size.
We analyze: images of the strings, influence of strings on trajectories of matter,
formation of overdensities, and shifts of energies of photons. These effects allow
one to discriminate massless strings from their massive cousins. The present work
extends our results on straight massless cosmic strings in Minkowsky spacetime to
curved backgrounds.
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1 Introduction
Massless cosmic strings (MCS) are one-dimensional objects of zero thickness which move
with the speed of light. MCS in a flat spacetime can be obtained from common massive
cosmic strings [1] as a limiting case, when the velocity of the string reaches the speed
of light, mass tends to zero, while energy remains finite [2]. As a result of this limit,
a holonomy along a closed countour around a massive string is transformed into a non-
trivial holonomy around the MCS [3]. The holonomies of MCS belong to a parabolic
subgroup of Lorentz transformations. Therefore, similarly to massive strings MCS allow
global gravitational effects. The effects look as mutual transformations of trajectories of
massive bodies or light rays, when the string moves in between two trajectories.
A method how to describe physical effects around massless cosmic strings in a flat
spacetime by using the parabolic transformations was developed in [4]. The main features
of MCS are the following.
First, massless strings are specified by an energy E per unit length, which, like the
energy of a photon, depends on a frame of reference where it is measured. MCS, as
opposed to massive strings, cannot be distinguished by tensions at rest that point at their
origin.
Second, components of the curvature tensor of MCS spacetime near the string world-
sheet behave as a distribution. Curvature singularities associated to the parabolic holonomies
are analogs of conical singularities.
Third, massless strings generate perturbations of the velocities of bodies resulting in
overdensities of matter. The strings also shift energies of photons, and may yield addi-
tional anisotropy of cosmic microwave background, if we consider MCS in a cosmological
context. These effects of MCS are direct analogs of, respectively, wake effects [5] and
the Kaiser-Stebbins effect [6], [7] known for common cosmic strings. High energy MCS,
for which EG/c4 ' 1, where G is the Newton coupling and c is a speed of light, can be
discriminated from massive strings.
Fourth, the worldsheet of a MCS is a geodesic null hypersurface, which belongs to an
event horizon of the string. All events which happen above the horizon cannot affect the
string, while all events below the horizon are casually independent of the string. Mutual
transformations of trajectories passing the string from different sides can be set on the
string horizon [4]. The presence of the horizon results in a sharp shape of spots of the
CMB anisotropy caused by MCS.
The aim of the present work is to describe massless cosmic strings in curved back-
grounds and extend the method developed in [4]. Our main interest is in MCS in expand-
ing Universe and their observational effects.
The key problem is how to take into account the backreaction caused by the strings
and ensure the required holonomy on the string worldsheet. For massive or massless
cosmic strings in a flat spacetime this problem is resolved with the help of isometries. For
example, one can use the fact that the metric is axially symmetric and change periodicity
of the polar coordinate around a massive string to create an angle deficit related to the
string tension [8]. In case of massless strings parabolic isometries allow one to set a global
transformation of trajectories on the string horizon [4].
In this work, we construct massless cosmic strings moving in the de Sitter universe.
Cosmic strings in the de Sitter spacetime have immediate cosmological implications. The
de Sitter geometry fits the inflationary stage and it may serve as an approximation for the
2
present Universe. The de Sitter spacetime is maximally symmetric. One of its isometries
is an analog of the parabolic group, which we use to set coordinate transformations on the
string horizon and ensure the required holonomy around the string. This means that in
the given model the backreaction effects of MCS are global and metric around the string
is locally de Sitter.
The paper is organized as follows. In Section 2 we start by summarizing construction
[4] of background geometry of massless strings in a flat spacetime. By this we mean
establishing a set of rules for trajectories of particles and rays, and, more generally, for
tangent bundles on this background. The rules are formulated at the string horizon.
Then we present the construction of MCS-de Sitter spacetime. We first do it in terms
of embedding of the de Sitter geometry in a 5D Minkowsky spacetime R1,4. MCS in the
de Sitter spacetime are considered as an intersection of the de Sitter geometry and a flat
massless 2D brane in R1,4, an analog of a straight MCS in R1,3. By setting transition
rules on the horizon of the brane along the lines of [4] one ensures the required holonomy.
To make a link to cosmological applications circular MCS are studied in a flat de Sitter
universe. The strings are stretched along circles of the de Sitter (Hubble) radius. In Sec.
3 we discuss an image of the string seen by a freely moving observer in the de Sitter
universe, a hypothetical case when the string emits light. We show that, like in case of
straight MCS in Minkowsky space, a de Sitter observer sees the string as a moving circle
of increasing radius. Physical effects generated by MCS in the de Sitter spacetime are
analyzed in Section 4. We focus on creation of regions of overdensities in the flat de Sitter
universe and on shifts of the energy of photons. The overdensities occupy wedge-shaped
regions with a hole inside. Photons with shifted energies make spots which fill in the
string image. Summary and conclusions are given in Sec. 5.
2 Constructing MCS spacetimes
2.1 MCS-Minkowsky spacetime
We start with the definition of the parabolic subgropup of the Lorentz transformations.
The holonomy around a MCS is its element. If t, x, y, z are coordinates in Minkowsky
spacetime R1,3, the parabolic transformations (also known as null rotations), (x′)µ =
Mµν (λ)x
ν , look as:
u′ = u , v′ = v + 2λy + λ2u , y′ = y + λu , z′ = z , (2.1)
where u = t− x, v = t+ x are light-cone coordinates and λ is some real parameter. One
can check that (2.1) make a one-parameter group, M(λ1)M(λ2) = M(λ1 + λ2).
Consider a massless string stretched along the z-axis, which moves along the x-axis at
y = 0. A parallel transport of a vector V along a closed contour around the string should
result in a non-trivial rotation, V ′ = M(λ)V , where λ = 8piGE and E is an energy of the
string per unit length [3]. The string worldsheet is u = y = 0. It is a fixed point set of
the parabolic transformations.
The spacetime around a MCS is locally Minkowsky. Because of the holonomy Minkowsky-
like coordinates cannot be introduced globally on MCS geometry. A straightforward in-
troduction of such coordinates results in delta-function-like singularities in the metric at
u = 0 [2]. The hupersurface u = 0 is the event horizon of the string.
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In practise, the definition of MCS spacetime is equivalent to a set of rules to describe
trajectories of particle or light rays near the string. These rules can be also extended to
fields (fibre bundles). The method suggested in [4] is the following. The MCS spacetime
is decomposed onto two parts: below, u < 0, and above, u > 0, the string horizon
u = 0. Let us call trajectories at u < 0 and u > 0 ingoing and outgoing trajectories,
respectively. Since ingoing trajectories are casually independent of the string, they behave
as in Minkowsky spacetime.
To describe outgoing trajectories, one introduces two types of coordinate charts: R-
and L-charts, with cuts on the horizon either on the left or on the right to the string,
respectively. The string horizon is considered as a Cauchy hypersurface where initial
data for outgoing trajectories are determined. These initial data are related to ingoing
trajectories. Descriptions based on R- or L-charts are equivalent. The choice of the chart
is a matter of convenience depending on a trajectory of an observer.
For R-charts the position of the cut is u = 0, y < 0. The initial data for an outgoing
trajectory (coordinates and 4-velocities) are
xµ = Mµν (λ) x¯
ν |u=0,y<0 , uµ = Mµν (λ) u¯ν |u=0,y<0 . (2.2)
xµ = x¯µ |u=0,y>0 , uµ = u¯µ |u=0,y>0 , (2.3)
where x¯µ, u¯µ are the coordinates and velocities of the corresponding ingoing trajectory
when it reaches the horizon, and λ = 8piGE. On R-charts the ’right’ trajectories (y >
0) behave smoothly across the horizon and, in particular, the ’right’ geodesics are just
straight lines. The ‘left’ trajectories (y < 0) are transformed after the horizon with respect
to the ‘right’ ones, although mutual orientation of ‘left’ trajectories does not change . Let
us emphasize that definition of ‘left’ and ‘right’ trajectories is invariant with respect to the
parabolic transformations, since y coordinate does not change under (2.1) at the horizon.
Once the above rules are defined for trajectories, they can be extended to tangent
vector bundles over the string spacetime. That is, we require that components of all
vector fields satisfy the same transition rules (2.2), (2.3) across the horizon. Since any
closed contour around the string is made of ‘left’ and ‘right’ trajectories, it is clear from
(2.2), (2.3) that a parallel transport of a vector along this contour is equivalent to a
parabolic rotation with M(λ). This guarantees the correct holonomy.
Finally, to make sure that discontinuities on the cut are coordinate discontinuities, and
they are not physical, we require that similar rules are introduced for all tensor structures
and for fibre bundles (fields) over the string spacetime.
The L-charts are dual to R-charts. They are smooth everywhere except the right cut
on the horizon, u = 0, y > 0, where ’right’ outgoing trajectories experience transformation
by the inverse matrix,
xµ = x¯µ |u=0,y<0 , uµ = u¯µ |u=0,y<0 , (2.4)
xµ = Mµν (−λ) x¯ν |u=0,y>0 , uµ = Mµν (−λ) u¯ν |u=0,y>0 . (2.5)
Description in terms of R and L charts are equivalent, since they are related by a global
parabolic transformation of the MCS spacetime at u > 0.
Since the non-trivial holonomy is present, the Riemann curvature tensor must behave
as a distribution at u = y = 0. This is indeed the case: as can be checked [4], the Riemann
tensor has a single non-vanishing component Ruyuy = λδ(u)δ(y). Analogous property of
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the Riemann tensor is known in case of conical singularities [9]. The stress-energy tensor
of the massless string, which can be obtained in the ultrarelativistic limit of a massive
string, is T µν = Eδ(u)δ(y)uµsu
ν
s , where u
µ
s is 4-velocity of the string, u
2
s = 0. One can check
that T µν stands in the right hand side of the Einstein equations which take into account
distributional property of MCS spacetime. Therefore, one has the explicit solution of the
backreaction problem.
For further applications it is convenient to rewrite parabolic transformations (2.1) in a
form independent on the choice of coordinates. If m is a unit spacelike vector orthogonal
to the string and its velocity, transformation (2.1) of a vector V at the string worldsheet
can be written as follows [9]:
M(λ)V = V − λ
2
2
us(us · V )− λm(us · V ) + λus(m · V ) . (2.6)
We use notation (a · b) = aµbµ.
Definition of string velocity us is related to a given frame of reference. If one boosts
the frame along the string direction of motion, us and λ are changed to e
βus, e
−βλ, where
β is a parameter connected with the coordinate velocity.
2.2 MCS-de Sitter spacetime in terms of embedding
Our aim now is to extend construction of MCS spacetime to strings moving in an expand-
ing universe. We require that: i) the worldsheet of a massless string is a null geodesic
surface in a curved geometry, that is each point on the string moves along a null geodesic,
ii) a parallel transport of a vector along a small contour around a point on the string
worldsheet results in the same transformation by a parabolic group as in the flat space-
time.
In this paper we consider MCS in de Sitter spacetime, where such null surfaces can
be easily and explicitly constructed. Note that solutions for massive strings in de Sitter
spacetime (whose worldsheets are extremal surfaces) are known for a long time, see e.g.
[10]-[12].
The advantage of the de Sitter geometry is in its isometries. This geometry can be
embedded in a five-dimensional Minkowsky spacetime R1,4 (with coordinates XK),
−X20 +X21 +X22 +X23 +X24 = −UV + Y 2 +X22 +X23 = H−2 . (2.7)
Here 1/H is the de Sitter radius, U = X0 − X1, V = X0 + X1, Y = X4. Consider in
R1,4 a null hypersurface U = Y = 0, which can be interpreted as worldsheet of a massless
brane. Its intersection with (2.7) is a null surface in (2.7). It is a space product R1 × S1
whose cross sections are circles X22 + X
2
3 = H
−2. Points on the circles move along null
geodesics on the de Sitter spacetime. We interpret this null surface as a worldsheet of a
massless circular cosmic string moving in de Sitter spacetime.
The event horizon of the massless brane is U = 0. Its intersection with the de Sitter
spacetime is the event horizon of the MCS . The string horizon is R1×S2 whose sections
are 2-spheres. MCS are described more explicitly in Sec. 2.3 in the model of a flat de
Sitter universe.
We now need to construct a spacetime around the MCS. To ensure the required holon-
omy on the string worldsheet we assume that a parabolic holonomy, say M5(λ), exists on
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the brane U = Y = 0 in R1,4. The coordinate transformations X ′ = M5(λ)X, which leave
the surface U = Y = 0 invariant, are defined as in (2.1),
U ′ = U , V ′ = V + 2λY + λ2U , Y ′ = Y + λU , X ′2 = X2 , X
′
3 = X3 . (2.8)
These transformations make a parabolic subgroup of O(1, 4). When restricted to (2.7)
they become isometries of the de Sitter spacetime. They map a vector V in a tangent
space at a point X to a tangent vector V ′ = M5(λ)V at a point X ′ = M5(λ)X. (Note
that a vector with components XK is orthogonal to the tangent space, and (2.8) holds
scalar products in R1,4 .)
Since M5(λ) does not move X
K at the string worldsheet, it acts there precisely as in
(2.6). To see this one can write
M5(λ)V = V − λ
2
2
ub(ub · V )− λmb(ub · V ) + λub(mb · V ) (2.9)
at U = Y = 0. Here ub is a null 4-velocity of the brane and mb is a spacelike unit vector
orthogonal to the brane and its direction of motion, (A · B) ≡ AKBK . If one considers
(2.9) for a tangent vector V at the string world sheet, ub in (2.9) can be replaced to us
(since the brane and the string on the de Sitter spacetime move along the same trajectory),
and mb to m (since mb is tangent, (mb ·X) = Y = 0).
The MCS-de Sitter universe is then constructed by setting transition rules for trajec-
tories in R- or L- coordinate charts. The R chart is smooth everywhere except for a left
cut along the string horizon U = 0, Y < 0. The transition rules on the horizon for a
tangent vector field V can be defined in analogy with (2.2),(2.3). Let V¯ be the vector
field when the horizon is approached from below. The transformed field is
V (X) = M5(λ)V¯ (X¯) |U=0,Y <0 , X = M5(λ)X¯ (2.10)
V (X) = V¯ (X) |U=0,Y >0 . (2.11)
In L charts, where the cut is U = 0, Y > 0 the rules are
V (X) = V¯ (X) |U=0,Y <0 , (2.12)
V (X) = M5(−λ)V¯ (X¯) |U=0,Y >0 , X = M5(−λ)X¯ . (2.13)
The rules above transform tangent space to a tangent space.
The Riemann curvature tensor of the constructed MCS spacetime is the sum,
Rabcd = R
DS
abcd + R˜abcd , (2.14)
of regular, RDS, and singular, R˜, parts. The regular part is the Riemnn tensor of the de
Sitter geometry. The singular part appears as a result of the holonomy around the string,
it behaves as a distribution at U = Y = 0. To compute R˜ it is enough to consider a
domain very close to the string worldsheet and use results of Sec. 2.1. It is convenient to
choose a tetrade basis which consists of us,m and two additional tangent vectors v, l, such
that v is null and (v · us) = −2, l is spacelike, unit and tangent to the string ((l ·m) = 0
and l,m are orthogonal to u, v). The tetrade is defined at the worldsheet. Results of MCS
in flat spacetime and the fact that M5(λ) acts at the worldsheet as M(λ) indicate that
the singe non-vanishing component of R˜ in this basis is R˜umum = λδWS(x). The delta-
function δWS(x) is properly normalized and has the singularity on the worldsheet. The
stress-energy energy tensor of the string follows from the right hand side of the Einstein
equations. The only non-vanishing component is Tuu = EδWS(x), where the parameter
E = λ/(8piG) can be interpreted as the energy of the string per unit length.
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Figure 1: a massless cosmic string described in Sec. 2.3 is shown. The center of the string
horizon sphere is at x?, the position of the observer at the center of coordinates is at the point
O.
2.3 Circular MCS in flat de Sitter universe
In what follows we consider strings in a flat de Sitter universe with the metric
ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2) , (2.15)
where a(t) = etH . Relations to coordinates XK which lead to (2.15) are
X0 = H−1 sinhχ+
1
2
Hr2eχ , X1 = x eχ , X3 = z eχ , χ ≡ tH , (2.16)
X2 = sinα
(
H−1 coshχ− 1
2
Hr2eχ
)
+ cosα y eχ , (2.17)
Y = cosα
(
H−1 coshχ− 1
2
Hr2eχ
)
− sinα y eχ , (2.18)
0 ≥ α < pi/2. In the given parametrization trajectory of an observer at the center of
coordinates (2.15), x = y = z = 0, is given by
X0(t) = H−1 sinhχ , Xa(t) = MaH−1 coshχ , a = 1, 2, 3, 4 , (2.19)
where M is a unit vector with 2 nonvanishing components MY = cosα, M2 = sinα.
The above coordinates cover the domain X0 + sinα X2 + cosα Y > 0 of the full de
Sitter geometry, they are restricted by the past event horizon of an observer at the center
of coordinates. In the model we consider the string moves inside the given domain. To
see this we note parametrization of the U -coordinate
U =
Heχ
2
(
(~x− ~x?)2 −H−2e−2χ
)
, (2.20)
where ~x? has components x? = 1/H, y? = z? = 0. Equation for the string horizon U = 0
is
(~x− ~x?)2 = H−2e−2χ (2.21)
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This is a sphere which in the physical (expanding) coordinates eχxi has a constant Hubble
radius H−1. That is, the string horizon is the cosmological horizon for an observer at a
point ~x?.
To visualize the string worldsheet (2.18) can be written as
Y = − cosα U − eχ (~p · (~x− ~x?)) , (2.22)
where (~a · ~b) = aibi is the 3D scalar product and ~p is a unit vector with components
px = cosα, py = sinα, pz = 0. Therefore, the string worldsheet U = Y = 0 is the
intersection of sphere (2.21) and the plane
(~p · (~x− ~x?)) = 0 . (2.23)
The plane with normal vector ~p goes through the center of the sphere. The string is a
large circle of the cosmological horizon, see Fig. 1. We call (2.23) the plane of the string.
In the expanding universe the plane moves with respect to observers with fixed coor-
dinates xi, except for observers located on the plane itself. For example, the string plane
moves with respect to an observer at the center of coordinates along x axis and it is tilted
to the axis with the angle α defined in (2.17), (2.18).
The above observer, being inside the string horizon in the past, crosses the horizon
at the moment t = 0. It is easy to see form (2.22) that he is a ‘right’ observer (Y > 0),
if cosα > 0, and he is ‘left’, if cosα < 0. The future event horizon of the observer is
X0− sinα X2− cosα Y = 0, which is the sphere |~x| = e−χ/H. If α 6= 0 a segment of the
string stays inside the observer’s horizon until the moment t = H−1 ln(2 sinα)
3 Image of MCS
3.1 Images of strings and branes in flat spacetimes
If a string emitted light, how its image would look like for an observer? Let ~n be a unit
vector at the observer’s location tangent to his past light cone. By the definition, the
image of the string is a set of directions, determined by ~n, which belongs to that part of
the light cone which intersects the string worldsheet.
We describe the image of a MCS for an observer at the center of coordinates (2.15).
We use embedding of the given problem in R1,4 and results [4]. Consider a straight MCS
in flat spacetime described in Sec. 2.1. Equation for the past light cone of an observer
with coordinates ~xo at a moment to is
~x(t) = ~xo + (t− to)~n , t < to . (3.1)
For rays which make an image of the string: y(te) = 0, x(te) = te, where te is a moment
of emission from the string. If the position of the observer in the (x, y) plane is xo = 0,
yo = b, where b > 0, equation for ~n is derived in the following form [4]:
sin θ cos(ϕ− θˆ) = cos θˆ . (3.2)
Here θ, ϕ are common angles on the sphere ~n2 = 1, and
cos θˆ =
b√
b2 + t2o
, (3.3)
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Figure 2: the visibility cones of the string for an observer at the point O in four (the left figure)
and five (the right figure) spacetime dimensions.
0 < θˆ < pi/2. Note that position of the observer along the string does not matter.
For further purposes we rewrite (3.2) in a geometrical form,
(~n · ~m) = cos θˆ , (3.4)
where ~m is a unit vector with components mx = cos θˆ, my = sin θˆ, mz = 0. Directions of ~n
determined by (3.4) make a cone with an axis along ~m, see Fig. 2. We call it the visibility
cone of the string. Its axis ~m is orthogonal to the string. An image of the straight MCS
on a sky for the given observer is determined by the visibility cone, and it is a circle.
There is no contradiction between shape of the image and shape of the string. The image
is made of rays emitted by different points of the string at different moments.
When the observer crosses the string horizon, ~m is directed along the coordinate
velocity of the string. At large times, to  b, the cone converts to a plane, and ~m
becomes orthogonal to the velocity of the string.
Equation (3.4) can be generalized straightforwardly to higher dimensions, for example,
to describe an image of a flat massless brane in R1,4 considered in Sec.2.2. The past light
cone of an observer with coordinates XLo in R
1,4 is
Xa(T ) = Xao (To) + (T − To)Na , X0(T ) = T . (3.5)
To is the time of the observation, N
a is a unit vector (a = 1, 2, 3, Y ), analogous to ~n,
which sets directions of photons emitted from the brane. The visibility cone of the brane
in R4 is determined as, see Fig. 2,
(N · L) = cos Θ . (3.6)
Here L is a unit vector, analogous to ~m, with components L0 = 0, L1 = cos Θ, LY =
sin Θ, L2 = L3 = 0, see notation for the indexes in (2.7). Cone’s axis L is orthogonal to
the brane. Suppose location of the observer in X1, Y plane is X1o = 0, Yo 6= 0, then
cos Θ =
Yo√
Y 2o + T
2
o
=
cosα coshχ√
cos2 α cosh2 χ+ sinh2 χ
, (3.7)
see (3.3). The trajectory of the considered de Sitter observer is given by (2.19). Therefore,
in (3.7) we put To = H
−1 sinhχ, Yo = H−1 cosα coshχ.
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3.2 String image for a de Sitter observer
Equation (3.6) is the visibility cone of a flat brane as seen by 5-dimensional observer in
R1,4. We need the picture for de Sitter observers. We consider the observer at the center
of coordinates (2.15). Trajectories of light rays (3.5) which are tangent to the de Sitter
spacetime satisfy additional restrictions: one can show that (3.5) is tangent, if
(M ·N) = tanhχ , (3.8)
where M is unit vector for observer’s trajectory (2.19).
Let Uo and Uγ be five-velocities of the observer and the light ray, respectively ,
U0o = coshχ , U
a
o = sinhχM
a , U0γ = 1 , U
a
γ = N
a . (3.9)
By using (3.8), (3.9) one finds that at the point of emission (Uo · Uγ) = −1/ coshχ. One
can decompose Uγ there as
Uγ =
1
coshχ
(Uo + n) , (Uo · n) = 0 , (n · n) = 1 . (3.10)
Since Uo, Uγ in (3.10) lie in the tangent plane, so does vector n. In fact, (3.10) is a
decomposition of Uγ in the frame of reference of the de Sitter observer, where n determines
the observer’s past light cone. One can check that
n0 = 0 , na = coshχNa − sinhχMa . (3.11)
One can also get n by projecting N to a part of the tangent space which is orthogonal to
velocity of the observer:
PKL N
L =
nK
coshχ
, PKL = δ
K
L −H2XKo XoL + UKo UoL . (3.12)
Here we used (3.8), (3.9), (3.11). Analogously, one can project the axis vector L of
5-dimensional cone (3.6):
PKQ L
Q = LK − cosα sin ΘMK , (3.13)
where we used (L ·M) = LYMY = cosα sin Θ. The axis of the visibility cone of the de
Sitter observer is the normalized projection (3.13),
m =
L− cosα sin ΘM√
1− cos2 α sin2 Θ . (3.14)
By using (3.7), (3.11),(3.14) we finally find the equation for the visibility cone of the MCS
in the de Sitter universe:
(n ·m) = cos θˆ , cos θˆ = cosα√
cos2 α cosh2 χ+ sin2 α sinh2 χ
. (3.15)
MCS in the de Sitter universe look as in a flat spacetime. They are circles which grow with
time. When the observer crosses the string horizon at t = 0, n is directed along m, and the
MCS looks as a point. When t  1/H the angle θˆ increases as tH/ cosα, where t is the
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proper time of the observer. At large times t ≥ 1/H vectors n and m become orthogonal
exponentially fast, the cone converts to the plane. n and m are always orthogonal when
the observer is in the plane of the string, α = pi/2.
It is interesting to discuss rotation of m with time. Since m is a tangent vector one
can compute its components along x, y, z directions in coordinates (2.15). Three unit
vectors eLi = e
−χXL,i which determine these directions at the center of coordinates are
eLx = δ
L
1 , e
L
y = cosαδ
L
2 − sinαδLY , eLz = δL3 . In this basis m has the following non-vanishing
components mi = (m · ei):
mx =
cosα coshχ√
cos2 α cosh2 χ+ sin2 α sinh2 χ
, my = − sinα sinhχ√
cos2 α cosh2 χ+ sin2 α sinh2 χ
.
(3.16)
When the observer crosses the string horizon he sees the string as a point in the direction
m = (1, 0, 0). At large times components are mx = cosα,my = − sinα.
We described the string image for a particular observer at the center of coordinates.
Analogous analysis can be done for other observers. It is clear that images depend on
observer’s location. An observer at the center of the string horizon sphere never sees the
string (observer’s cosmological horizon coincides with the string horizon).
4 Physical effects
4.1 Parabolic holonomy and a Killing vector
Consider physical effects caused by MCS in flat de Siter universe (2.15). We describe
these effects from the point of view of ‘right’ observers whose trajectories when crossing
the string horizon satisfy conditions Y > 0 or (~p · (~x− ~xh)) < 0, see (2.22). The effects we
are interested in are transformations of trajectories crossing horizon from the left, Y < 0.
We use a R coordinate chart introduced in Sec. 2.2. Transformation of ‘left’ trajecto-
ries in this chart are given by (2.10), (2.11). Since we work in coordinates xµ = {t, xi} we
should know how transformations of XK , see (2.8), generate transformations of xµ. The
definition is
MLK(λ)X
K(xµ) = XL(yµ) . (4.1)
The above relation between yµ and xµ is essentially non-linear. We demonstrate how
calculations can be done at small λ (low energy MCS) in the linear approximation. By
using (2.8) we define the Killing vector field ζL:
δXL = XL − X¯L ≡ λζL +O(λ2) , (4.2)
where X = M5(λ)X¯, and the tangent Killing vector field ζ
µ, which generates transforma-
tions of xµ,
δxµ = xµ − x¯µ ≡ λζµ +O(λ2) . (4.3)
ζL has only 2 non-vanishing components: ζV = 2Y , ζY = U . By using (4.1) on the
tangent space one finds
ζL = XL,µζ
µ , ζµ = gµνXL,νgLKζ
K = gµν(Y,νU − Y U,ν) , (4.4)
ζ0 = − (~p · (~x− ~x?)) , ζ i = H(xi − xi?) (~p · (~x− ~x?))− pie−χU , (4.5)
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Figure 3: the evolution of the region of overdensities in expanding coordinates at moments of
time t1 < t2 < t3. The string moves from the left to the right, and it is shown as a dashed
ellipse. The overdensities are located inside a region between parabolic surface SR and a part
of the sting plane outside the string.
where U is defined in (2.20). One can see from (4.5) that ζµ satisfy the Killing equations,
and ζµ = 0 on the string worldsheet.
Now transition conditions (2.10), (2.11) in the R-chart for a vector field V from a
tangent vector bundle can be written as
δV = −λLζV |U=0,Y <0 . (4.6)
The change of the field on the left side of the string horizon is generated by the Lie
derivative under the coordinate transformation δxµ = λζµ. On the right side, U = 0, Y >
0, the field does not change, δV = 0. Definition of the Lie derivative for vector fields,
which we use, is
LζV µ = ζνV µ,ν − ζµ,νV ν . (4.7)
One should emphasize that (4.6) holds when transformations are not large, |δV/V |  1.
Otherwise one should use exact coordinate transformations (4.1) and find corresponding
changes for field components.
4.2 Wake effects
Consider a matter which is at rest with respect to coordinates xi of flat de Sitter universe
(2.15). Such a matter moves freely along geodesics with 4-velocities ut = 1, ui = 0. The
4-velocities of left outgoing geodesics change to
δui = −λLζui = −λe−2χpi , δut = O(λ2) , (4.8)
where pi is the unit normal vector of the string plane. To get (4.8) we used (4.5), (4.7).
In fact, (4.8) can be considered as a transformation of a left trajectory in the entire region
behind the string horizon. It satisfies required conditions (4.6).
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According to (4.8) the left matter after crossing the horizon starts to move with respect
to the coordinate grid orthogonally to the string plane. Its coordinate velocity vi = ui/u0
is proportional to 8piGEc, where E is the energy of the string, c is the speed of light.
This creates domains of overdensities when the ‘left’ matter shifts to R-region. The effect
is completely analogous to the wake effect [5] known for moving massive cosmic strings.
Analogously, straight MCS in flat spacetime cause the left matter to move orthogonally
to the string and its direction of motion [4].
Overdensities for common strings and MCS in flat spacetime occupy a wedge-like
region with the edge on the string [5]. A specific feature of MCS in expanding universe is
that the shape of the region where overdensities are located is changing. This effect can
be described with the help of (4.8). Without loss of generality it is convenient to choose
coordinates x, y, z, where the string plane is x = 0 (px = 1). The center of coordinates
can be placed at the point ~x?, so that string horizon sphere (2.21) is given by equation
H2~x2 = e−2χ. The left trajectories are at x > 0 and they move along the x coordinate
after crossing the horizon.
From the point of view of an R-observer the overdensities form in a region between
two boundaries, SR and SL. SL is a part of the string plane outside the string, SR is made
of left trajectories which start from the string worldsheet. According to (4.8) an outgoing
left trajectory of this kind is
x(t) =
λ
2H
(
e−2Ht − e−2Ht0
)
. (4.9)
It crosses the string plane x = 0 at the moment t0 and moves to the R-region, x < 0, with
the velocity vx(t) = −λe−2Ht. One can relate t0 with fixed coordinates y, z of the given
trajectory. Since it crosses the horizon at t = t0, one has
H2ρ2 = e−2Ht0 , (4.10)
where ρ2 = y2 + z2. By taking into account (4.9), (4.10) one can write equation for SR as
x =
λ
2H
(
e−2Ht − ρ2H2
)
. (4.11)
It is assumed that Hρ ≥ e−Ht. Thus, SR is a parabolic surface which ends on the string.
The cosmic expansion causes the string to move with respect to observers with fixed
coordinates ~x. To better understand evolution of SR it is worth rewriting (4.11) in ex-
panding coordinates, say ~ˆx(t) = e−tH~x(t). Equation (4.11) becomes
xˆ =
λ(t)
2H
(
1− ρˆ2H2
)
. (4.12)
Here λ(t) = 4piGE(t), and E(t) = e−HtE can be interpreted as a redshifted energy of the
string (per unit length).
Time evolution of the region of overdensities in expanding coordinates is shown on
Fig. 3. The string is a circle of a constant radius which moves with respect to an
observer outside the string plane. Trajectories which cross the string horizon sphere on
the right from the string plane acquire additional velocity toward the string plane. The
overdensities appear when these trajectories cross the string plane. Overdensities are in
a region with a disc-shaped hole inside. Near the string it looks as a wedge with the edge
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Figure 4: a cross-section of the region of overdensities (shaded area) by a plane going through
the x axis. Near the string the region has a wedge-like form such that the edge of the wedge lies
on the string. String moves from the left to the right.
on the string, see Fig. 4. This form of overdensities is similar to what one has in case of
moving massive strings and MCS in a flat spacetime. The boundary of the wedge is made
of parabolic surface SR and a part of the sting plane. At late times the wedge is squeezed
toward the string plane.
4.3 Shifts of energies of photons
For R-observers, MCS in a flat spacetime change the energy of left photons leaving the
string horizon [4]. The same effect holds for MCS in the de Sitter universe. Let uo be
4-velocity of an observer, and k be a 4-momentum of a photon registered by the observer.
By following Sec. 3.2 one can decompose the 4-momentum as (compare with (3.10))
k = ω(uo + n) , (4.13)
where ω is a measured energy of the photon. Direction of motion of the photon in (4.13)
is fixed by a unit vector n, which is orthogonal to uo.
Energy of the left photon as measured by an R-observer is shifted by the quantity
δω = −(uo · δk) = λLζk0 , (4.14)
see (4.6). The energy of the photon in expanding universe (2.15) at the observation
moment t is ω(t) = ω¯/a(t), where ω¯ is a constant. This allows one to compute time
derivatives. A straightforward computation then yields:
δk0 = −λk
0
a
(
−a˙ζ0 + (~p · ~n)
)
. (4.15)
We introduced here a unit (in 3D Cartesian coordinates) vector ~n determined by 4-vector
n, which sets the direction of the photon in 3D coordinates. The relative shift of the
energy can be written as a combination of two, effects,
δω
ω
=
δω1
ω
+
δω2
ω
, (4.16)
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δω1
ω
= −λ(t) (~p · ~n) . (4.17)
δω2
ω
= −λ(t) HeHt (~p · ~x) = λ(t) z? (~p · ~m?) , (4.18)
where λ(t) = 8piGE(t), E(t) is redshifted energy of the string, see Sec. 4.2. To get (4.17),
(4.18) we used (4.5), (4.15). The observer is located at a point with coordinates ~x. The
center of coordinates ~x = 0 is placed at the center of the string horizon sphere. A unit
vector ~m? is at the location of the observer and is directed toward the center ~x = 0. z?
is a redshift of the the center of the string horizon with respect to the observer. It is
easy to see that HeHt~x = −z? ~m?. Note that (4.17), (4.18) hold for |δω|/ω  1 since
transformations (4.3) are assumed to be small.
The shift δω1/ω has the same form as in case of MCS in a flat spacetime, see [4].
For a straight MCS in a flat spacetime ~p in (4.17) would be a unit vector orthogonal to
the string worldsheet. For MCS in the de Sitter universe ~p is directed orthogonally to
the string plane. The second term in (4.16), δω2/ω, is of a cosmological origin. It is an
isotropic shift of energies of photons, independent of directions the photons come from.
Note that, at late times ω2 dominates over ω1.
Equations (4.17), (4.18) hold for left photons detected by R-observers. Let us demon-
strate that directions of left photons are inside the string image seen by observer, that is
n in (4.17) is inside the visibility cone of the MCS. We use results of Sec. 3.2 which were
obtained for an observer in the equatorial plane of the string horizon sphere (i.e. with
zero y and z coordinates). The string visibility cone is a projection of the visibility cone
of a 5-dimensional observer. Let ns and Ns be unit vectors which define directions of a
photon emitted by the string in 4- and 5-dimensional spacetimes, as it is was defined in
Sec. 3.2. Let m and L be unit vectors which define the axis of the corresponding cones.
Equations for the cones are (ns ·m) = cos θˆ, see (3.15), and (Ns · L) = cos Θ, see (3.6),
and Fig. 2. We need to prove that
(n ·m) ≤ (ns ·m) . (4.19)
To this aim we note that n = coshχN − sinhχM , see (3.11), and use (3.14), to get
(n ·m) = coshχ(N · L)− sinhχ cosα sin Θ√
1− cos2 α sin2 Θ . (4.20)
Then (4.19) follows from (4.20) since (N ·L) ≤ (Ns ·L) for straight MCS in a flat spacetime
[4].
If the de Sitter universe is filled in by an homogeneous isotropic background radiation
of a certain frequency ω an MCS generates shifts of the energies. An observer sees the
shifts inside the string image. This effect is similar to that for MCS in a flat spacetime.
The difference is that the cosmic expansions makes the shifts isotropic at late times,
δω/ω ' δω2/ω.
5 Summary and Discussion
The aim of this work was in extending analysis of physical effects caused by MCS in
flat spacetimes to MCS moving in an expanding universe. We generalized the method
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suggested in [4] to MCS in the de Sitter universe by taking into account isometries of this
background. Concrete results were obtained for flat expanding de Sitter universe, as a
most interesting case from the point of view of cosmological applications.
Massless cosmic strings in the de Sitter universe are one-dimensional objects stretched
along circles of the Hubble radius. The worldsheet of such MCS is a 2D null surface on a
cosmological horizon. From the point of view of observers circular MCS move as a result
of cosmic expansion.
Since the holonomies of the MCS background are some isometries of the de Sitter
spacetime the backreaction effects do not change the metric around the string. This
situation is analogous to the case of massive strings where a local backreaction is absent
when rotations around the string are isometries. The effects then are global and result in
an angle deficit.
If circular massless cosmic strings appeared at the Planck epoch they would had a
microscopic size. The strings then would grow up to the present Hubble scale. Our
description of MCS can be used at quasi de Sitter stages. It is not applicable, however,
to MCS during a power low stage, since the required isometries are absent. In this case
local backreaction effects around MCS should be taken into account.
Circular MCS result in a variety of physical effects. We discussed analogs of the wake
and Kaiser-Stebbins effects. An MCS in a universe filled with a dust creates a region of
overdensities, which accompanies the string. Overdensities are located outside the string
and, thus, have a disc-shaped hole inside. MCS also shift energies of quanta. The shift
is composed of (anisotropic) Kaiser-Stebbins-like term and (isotropic) cosmological term.
Cosmological term dominates at late times. Photons with shifted energies are seen as a
spot which fill in the image of the string. The both effects have features which allow one
to distinguish MCS from moving massive cousins.
A central idea of our approach which allows us to introduce properly the parabolic
holonomy around an MCS in locally de Sitter geometry is to set Cauchy-like data for
trajectories on the horizon of the string. This approach can be used to describe another
class of physical effects related, for example, to classical fields on MCS spacetimes. We
plan to return to this subject in a separate publication.
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